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Abstract 
 
This paper proposes a model that expands Godyak’s collisional sheath model to the case 
of hot electrodes (anode or cathode) with thermionic electron emission. In the model, the 
electrodes are assumed to be made from refractory metals and, consequently, the erosion 
of the electrodes is small and can be neglected. In the frame of two temperature thermal 
plasma modeling, this model allows self-consistent calculation of the sheath potential drop, 
the Schottky correction factor for the work function of the wall material, the thermionic 
electron current density, and the heat fluxes of the charged particles from the plasma to the 
wall. The model is applied to the cathode spot at the tungsten cathode in argon. It is shown 
that the Schottky correction factor plays a crucial role in modeling high-intensity arcs. It is 
demonstrated that a virtual cathode can be formed in the atmospheric pressure argon 
plasma at the cathode surface temperature of 4785 K if the cathode current density is 
sufficiently small. The heat flux to the thermionic cathode due to charged particles and the 
heat flux to the plasma due to thermionic electrons are calculated. The model can be 
reduced to the case of the cold walls where the thermionic electron emission and the wall 
erosion processes are small and can be neglected. The sheath potential drop and the heat 
fluxes calculated by this model can be used as boundary conditions at the wall for the 
electric potential and for the energy equations for the electrons and heavy particles (ions 
and neutrals).  
 
I. Introduction   
The formation of plasma sheath at the wall plays a fundamental role in the heat flux from the plasma 
to the wall, thermionic electron emission, the structure of the cathode spot and anode attachment, the 
electrode erosion process, and other electrode process. Therefore, the plasma sheath has to be taken into 
account in modeling high-pressure thermal arcs (i.e., whenever the plasma pressure is as large as or larger 
than atmospheric pressure). In recent works [1, 2] the authors constructed boundary conditions at the wall 
for the electric potential and the electron and heavy particle energy equations in two temperature, ௘ܶ ് ௛ܶ,  
modeling of “thermal” plasmas; ௘ܶ is the temperature of electrons and ௛ܶ is the temperature of heavy 
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particles, ions and neutrals. In these works, the sheath is viewed as the interface between the plasma and 
the wall. The case of a cold wall, where the thermionic electron emission and the erosion of the wall are 
small and can be neglected, was considered in [1], and the case of a hot wall with thermionic electron 
emission was considered in [2]. In [2], the wall is assumed to be made from refractory metals that the 
erosion of the wall is small and can be neglected. In [1], the authors used the Godyak collision sheath model 
[3, 4], and in [2] they expanded it to the case of the electron thermionic emission. In both works [1] and 
[2], the Schottky effect describing the decrease in the work function of the material in a strong electric field 
was calculated by neglecting the friction of ions in the sheath. Thus, in the case of a collisional sheath, 
calculations of the thermionic electron current density and the heat flux to the wall in these models are not 
self-consistent and, therefore, are inaccurate. 
In the present paper, I construct a collisional sheath model that takes into account the friction of ions in 
the sheath in calculating the Schottky correction factor. This allows one to calculate the thermionic electron 
emission and the heat flux to the wall in a consistent way. The collisional sheath model with thermionic 
electron emission is presented in Section II. In Section III, I applied the model to the case of the of a tungsten 
cathode in argon plasma with parameters that are typical for plasma cutting arcs, where the cathode surface 
temperature is relatively small and the virtual cathode is not formed. The obtained results are compared 
with model [2], where the Schottky correction factor was calculated by neglecting the friction of ions in the 
sheath. The case of an extremely high cathode surface temperature where the virtual cathode is formed is 
considered in Section IV. The conclusions are given in Section VI.   
 
II. Collision sheath model and heat fluxes with thermionic electron emission 
As in [1, 2], the following assumption are made in the model: (1) the plasma is considered in two-
temperature thermal approximation, ௘ܶ ് ௛ܶ; (2) the chemical plasma equilibrium is achieved; (3) the 
plasma sheath is viewed as an interface between the plasma and the wall; (4) the plasma at the wall is singly 
ionized; (5) the potential in the sheath is monotonically decreasing from the plasma side to the wall; (6) 
௘ܶ ب ௛ܶ ൌ ௦ܶ௨௥, where  ௦ܶ௨௥ is the temperature of the surface of the wall; (7) the friction of ions with 
electrons is neglected relative to the friction of ions with neutrals; and (8) thermionic electrons pass through 
the sheath collisionlessly, transferring their momentum and energy far from the sheath in the plasma; in 
other words, the thickness of the sheath is much smaller than the transport mean free path for thermionic 
electrons: 
 
ܮ௦௛௘௔௧௛ ا ߣ௘ି௧௛௘௥௠ି௠௙௣.         (1) 
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Following [2], a general formula for the sheath potential drop at the cathode with thermionic emission 
can be written as 
 
 ߮௦௛௘௔௧௛ ൌ െ௞ಳ ೐்௘ ݈݊ ൦ඨ
ଶగ௠೐
ெቆଵା ഏೝವ೐మഊ೔ష೘೑೛ቇ
ቀ1 െ ௝ି௝೐ష೟೓೐ೝ೘௝೔ ቁ൪ ,    (2) 
 
where ݇஻ is the Boltzmann constant; ݁  is the charge of an electron; ݎ஽௘ ൌ ൫ߝ଴݇஻ ௘ܶ/݊௣݁ଶ൯ଵ/ଶ is the electron 
Debye radius; ݆ is the total cathode current density;  ߣ௜ି௠௙௣ ൌ 1/݊௡ߪ௜,௡ is the ion transport mean free path; 
 ݊௡ is the number density of neutral atoms; ߪ௜,௡ is the charge-exchange cross section that is independent of 
the ion velocity, the dominant ion-neutral momentum transfer process in the sheath [3, 4];  
 
݆௘ି௣௟௔௦௠௔ ൌ ݁݊௣݁ݔ݌ ቀെ ௘ఝೞ೓೐ೌ೟೓௞ಳ ೐் ቁට
௞ಳ ೐்
ଶగ௠೐      (3) 
   
is the electron plasma current density in the sheath; ݊௣ is the plasma number density (in the case of singly 
ionized plasma ݊௣ ൌ ݊௜ ൌ ݊௘, where ݊௜ and ݊௘ are the electron and ion plasma number densities 
respectively); 
 
݆௜ ൌ ݁݊௣ ௦ܸ ൌ ݁݊௣ඨ
௞ಳ ೐்
ெቆଵା ഏೝವ೐మഊ೔ష೘೑೛ቇ
        (4) 
 
is the ion current in the sheath; ௦ܸ is the ion velocity at which the ions enter the sheath; 
 
 ݆௘ି௧௛௘௥௠ ൌ ܣ ௦ܶ௨௥ଶ݁ݔ݌ ൬െ ௘൫ఝೢ೚ೝೖష೑ೠ೙೎ି∆ఝೄ೎೓೚೟൯௞ಳ ೞ்ೠೝ ൰     (5) 
 
is the electron thermionic current density in the sheath; and 
 
݆ ൌ ݆௘ି௧௛௘௥௠ ൅ ݆௜ െ ݆௘ି௣௟௔௦௠௔  .       (6) 
 
In Eq. (5), ߮௪௢௥௞ି௙௨௡௖ is the work function of the cathode material; ∆߮ௌ௖௛௢௧ is the Schottky correction 
factor, 
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∆߮ௌ௖௛௢௧ ൌ ቀെ ௘ாೞೠೝସగఌబ ቁ
ଵ/ଶ
,        (7) 
 
describing the decrease of the effective work function of materials in strong electric fields; ܧ௦௨௥ is the 
electric field at the surface of the wall; and  ܣ depends on the cathode material. The thickness of the cathode 
sheath is on the order of ݎ஽௘.  
Let us introduce a collision factor as 
 
 ߙ௖௢௟ ൌ గ௥ವ೐ଶఒ೔ష೘೑೛.          (8) 
 
The case of  ߙ௖௢௟ ا 1 corresponds to the collisionless Bohm's sheath [5], where the ions are freely 
accelerated in the sheath, and the case ߙ௖௢௟ ൐ 1 corresponds to the collisional sheath [3, 4], where the ions 
move in the sheath in the charge exchange regime. In the case of very high gas pressure, ߙ௖௢௟ ب 1 and ௦ܸ ൏
ඥ݇஻ ௛ܶ/ܯ, the ions move in the sheath in the mobility (not charge exchange) regime (ߣ௜ି௠௙௣ in the mobility 
regime is dependent on the ion velocity), and Eq. (2) should be modified accordingly [4]; this case is not 
considered in the present paper. 
To obtain ݆௘ି௧௛௘௥௠, Eq. (6), at given plasma and wall parameters: ݆, ݊௣, ݊௡, ௘ܶ and ௛ܶ ൌ ௦ܶ௨௥ I have to 
calculate ܧ௦௨௥ by solving the Poisson equation in the cathode sheath. An equation for ion movement in the 
plasma sheath can be written as: 
 
ܯ ௜ܸ ௗ௏೔ௗ௫ െ ݁
ௗఝ
ௗ௫ ൅ ܨ௜ି௙௥௜௖௞ ൌ 0 ,        (9) 
 
where ௜ܸ is the velocity of an ion in the sheath,  
ܨ௜ି௙௥௜௖௞ ൌ ߨ ெ௏೔
మ
ଶఒ೔ష೘೑೛          (10) 
is the friction force of ions with neutrals [4], ݔ is the coordinate axis directed from the plasma to the wall, 
Fig. 1, and ߮ is the electric potential in sheath; ݔ and ߮ are equal to zero at the boundary between the 
plasma with the sheath, Fig. 1, and  
 
௜ܸሺݔ ൌ 0ሻ ൌ ௦ܸ ൌ ඨ
௞ಳ ೐்
ெቆଵା ഏೝವ೐మഊ೔ష೘೑೛ቇ
  .      (11) 
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Taking into account that the ion current is conserved in the sheath (no ionization and recombination in the 
sheath), ݆௜ ൌ ݁݊௜ ௜ܸ, the Poison equation can be written as: 
 
ௗమఝ
ௗ௫మ ൌ
௘
ఌబ ቌ݊௣݁ݔ݌ ቀ
௘ఝ
௞ಳ ೐்ቁ െ
௝೔
௘௏೔ ൅
௝೐ష೟೓೐ೝ೘
௘ටమ೐ሺകೞ೓೐ೌ೟೓శകሻ೘೐
ቍ,     (12) 
 
where ݆ ௜ is given by Eq. (4). In Eq. (12), the first term in the parentheses is the density of "plasma" electrons, 
the second term is the density of ions, and the third term is the density of "thermionic" electrons in the 
sheath. It should be stressed that in [2], the friction force ܨ௜ି௙௥௜௖௞ in Eq. (9) was omitted -- that is literally 
correct only in the case of collisionless sheath. As in [2-4], the boundary conditions for Eq. (12) are 
 
 ߮ሺݔ ൌ 0ሻ ൌ 0,       ቀௗఝௗ௫ቁ௫ୀ଴ ൌ െ
௞ಳ ೐்
௘௥ವ೐,         ߮ሺܮ௦௛௘௔௧௛ሻ ൌ െ߮௦௛௘௔௧௛,                  (13) 
 
where the first condition states that the potential at the sheath from the plasma side is equal to zero, Fig. 1; 
the second condition is chosen according to the Godyak sheath model [3, 4]; and the third condition 
determines ܮ଴, the length of the sheath, Fig. 1. Although, Godyak derived his boundary conditions for the 
case of no secondary electron emission, these boundary conditions can be also applied for thermionic 
electrodes. As has been mentioned in [4], the second condition, in fact, describes the "electrostatic wall" 
separating electrons from the wall. This is reasonable because the density of plasma electrons at the cathode 
in the model is assumed to be much smaller than in the plasma, ݁ݔ݌ሺെ݁߮௦௛௘௔௧௛/݇஻ ௘ܶሻ ا 1.  
As follows from Eq. (9), the plasma at ݔ ൌ 0 is not quasineutral, and the charge density at ݔ ൌ 0 is 
 
Δߩሺݔ ൌ 0ሻ ൌ ௝೐ష೟೓೐ೝ೘
ටమ೐കೞ೓೐ೌ೟೓೘೐
.             (14) 
 
As a result, ߮௖௔௧௛ calculated by the model is smaller than the "real" potential drop between the quasineutral 
plasma and the wall; this difference ∆߮ can be estimated as 
 
∆߮ ൌ െ௞ಳ ೐்௘ ݈݊ ቌ1 െ
௝೐ష೟೓೐ೝ೘
௘௡೛ටమ೐കೞ೓೐ೌ೟೓೘೐
ቍ .       (15) 
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Thus, the suggested model is reasonable only if the condition, 
 
∆ఝ
ఝೞ೓೐ೌ೟೓ ൌ െ
௞ಳ ೐்
௘ఝೞ೓೐ೌ೟೓ ݈݊ ቌ1 െ
௝೐ష೟೓೐ೝ೘
௘௡೛ටమ೐കೞ೓೐ೌ೟೓೘೐
ቍ ا 1 ,     (16) 
 
is well satisfied [2]. 
    Integration of the set of Eqs. (9) and (12) with the boundary conditions given by Eqs. (11) and (13) 
yields ߮ሺݔሻ and ௜ܸሺݔሻ  in the sheath, and also ܮ௦௛௘௔௧௛, ܧ௦௨௥, Δ߮ௌ௖௛௢௧, ߮௦௛௘௔௧௛, and ݆௘ି௧௛௘௥௠.  
However, at sufficiently high ݆௘ି௧௛௘௥௠ this system of equations may not have a real solution. This 
corresponds to the situation where the electric potential distribution in the sheath is no longer a monotonic 
function of ݔ as the model assumed, assumption (4), and a “virtual cathode” cathode is formed at the cathode 
surface [2], Fig. 2. In the case of a virtual cathode, not all electrons emitted from the cathode reach the 
plasma, and some of them are rebounded back into the cathode, leading to a decrease in the actual 
thermionic electron current passing through the sheath. So, it is necessary to determine the conditions of 
the formation of the virtual cathode and calculate the thermionic electron emission current density where 
the vertical cathode is formed. The following procedure was suggested in [2]: (1) Solve the set of Eqs. (9) 
and (12) with boundary conditions given by Eqs. (11) and (13) at given plasma parameters:  ݆, ݊௣, ݊௡, ௘ܶ 
to determine the critical value of the thermionic current density, ݆௘ି௧௛௘௥௠௖௥௜௧௜௖௔௟  and ߮௦௛௘௔௧௛௖௥௜௧௜௖௔௟, which correspond 
to ܧ௦௨௥ ൌ 0; (2) Calculate the thermionic current density at given ௦ܶ௨௥ and ∆߮ௌ௖௛௢௧ ൌ 0; (3) If the resulting 
݆௘ି௧௛௘௥௠ is smaller than ݆௘ି௧௛௘௥௠௖௥௜௧௜௖௔௟ , then the virtual cathode is not formed and the system of Eqs. (9) and 
(12) with boundary conditions given by Eq. (11) and (13) is solvable. If not and ݆௘ି௧௛௘௥௠௖௥௜௧௜௖௔௟ ൏ ݆௘ି௧௛௘௥௠, then 
݆௘ି௧௛௘௥௠௖௥௜௧௜௖௔௟  and  ߮ ௦௛௘௔௧௛௖௥௜௧௜௖௔௟ have to be used. It is worth noting that in the case of the virtual cathode, the effective 
length of the cathode sheath is the distance between the plasma-sheath interface and the “emitting-virtual-
cathode surface” ܮ௦௛௘௔௧௛௖௥௜௧௜௖௔௟, Fig. 2.  
In addition, it is worth noting that in the case of the thermionic anode, a formula for the anode sheath 
potential drop can be obtained from Eq. (2) by using െ݆ instead ݆ [2], 
 
߮௦௛௘௔௧௛ ൌ െ௞ಳ ೐்௘ ݈݊ ൦ඨ
ଶగ௠೐
ெቆଵା ഏೝವ೐మഊ೔ష೘೑೛ቇ
ቀ1 ൅ ௝ା௝೐ష೟೓೐ೝ೘௝೔ ቁ൪ ,    (17) 
 
because in the case of anode, the current is directed from the wall to the plasma while in the case of the 
cathode, it is directed from the plasma to the wall. In the case of a cold cathode with no thermionic electron 
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emission, ߮௦௛௘௔௧௛ can be obtained from Eq. (2) by omitting ݆௘ି௧௛௘௥௠, and in the case of a cold anode, by 
omitting ݆௘ି௧௛௘௥௠ in Eq. (17). In the case of cold floating walls (݆ ൌ ݆௘ି௧௛௘௥௠ ൌ 0), ݆௘ି௧௛௘௥௠ and ݆ have to 
be dropped in Eq. (2). 
Following [1, 2] the enthalpy flux from the singly ionized plasma to the wall due to charged particles 
can be written as  
 
ݍ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦ ൌ ݍ௜௢௡௦ ൅ ݍ௘ି௣௟௔௦௠௔,         (18) 
 
ݍ௜௢௡௦ ൌ ݁݊௣ ௦ܸ ቀܫ௜௢௡௜௭ ൅ ߮௦௛௘௔௧௛ ൅ ெ௏ೞ
మ
ଶ௘ ቁ,       (19) 
 
ݍ௘ି௣௟௔௦௠௔ ൌ 2݇஻ ௘ܶ݊௣݁ݔ݌ ቀെ ௘ఝೞ೓೐ೌ೟೓௞ಳ ೐் ቁට
௞ಳ ೐்
ଶగ௠೐,       (20) 
 
where ݍ௜௢௡௦ is the ion heat flux from the plasma to the wall, which includes the heat flux to the wall due to 
the recombination process plus the kinetic energy flux that ions brings to the wall (directly, or by fast atoms 
created in the charge exchange process); ݍ௘ି௣௟௔௦௠௔ is the heat flux that plasma electrons bring to the wall; 
ܫ௜௢௡௜௭ is the ionization potential of the working gas; ܯ ௦ܸଶ/2 is the kinetic energy of an ion entering the 
sheath; ௦ܸ is given by Eq. (4); and ߮ ௦௛௘௔௧௛ is given by Eq. (2), the case of no virtual cathode, or by ߮ ௦௛௘௔௧௛௖௥௜௧௜௖௔௟, 
the case of a virtual cathode. Eq. (19) assumes that all ions entering the sheath reach the wall, recombine 
there with electrons, and come back to the plasma as neutrals, where they are immediately ionized by 
electrons. Since the model assumes that ݇஻ ௛ܶ ا ݁߮௔௡௢ௗ௘, the ion thermal heat flux to the wall is neglected 
in Eq. (19).   
Taking into account the energy flux that the cathode loses due to the "condensation" energy of electrons 
at the wall, the total heat flux to the cathode due to charged particles can be written as [2], 
 
ܳ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦ ൌ ݍ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦ ൅ ݍ௖௢௡ௗ,  ݍ௖௢௡ௗ ൌ െ݆൫߮௪௢௥௞ି௙௨௡௖ െ ∆߮ௌ௖௛௢௧൯,  (21) 
 
where ߮ ௪௢௥௞ି௙௨௡௖ is the work function of the anode material and ∆߮ௌ௖௛௢௧, Eq. (7), is determined by solving 
the set of Eqs. (9) – (13). Since the current is directed to the cathode the condensation heat flux in Eq. (21) 
is negative. Thus, at a given ݊௣, ݊௡, ௘ܶ, and ݆, the heat flux to the wall due to charged particles ܳ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦, 
Eq. (21), can be calculated. In the case where the wall is an anode, ܳ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦ can be obtained from Eq. (21) 
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by changing the minus sign in front of ݆ to a plus sign; and in the case of the floating wall (݆ ൌ 0ሻ,  by 
dropping ݍ௖௢௡ௗ  in Eq. (21) entirely.  
The total heat flux to the wall due to all particles, neutral and charged, can written as, 
 
ܳ௧௢௧௔௟௣௔௥௧௜௖௟௘௦ ൌ െߢ௡ డ்೓డ௡ ൅ ܳ௖௛௔௥௚௘ௗ
௣௔௥௧௜௖௟௘௦       (22) 
 
where ߲ܶ/߲݊ is the space derivative of ܶ normal to the wall and the first term in the right-hand side of Eq. 
(22) is the heat flux of the neutral gas molecules to the wall. In Section III, I analyze the heat flux due to 
charged particles in the case of the cathode spot formed at a thermionic tungsten cathode in argon plasma. 
The thermal heat flux of the neutral particles to the wall cannot be calculated in the frame of the present 
model and therefore is not considered in here. According to [6], in the case of a free burning arc in argon, 
the heat flux contribution from neutrals to the cold anode can range from 20% to 60% depending on the 
anode current density and geometry. 
The heat flux that the thermionic electrons bring to the plasma, ݍ௘ି௧௛௘௥௠, is 
 
ݍ௘ି௧௛௘௥௠ ൌ ݆௘ି௧௛௘௥௠ · ߮௦௛௘௔௧௛.        (23) 
 
In Eq. (23) I have neglected the thermal energy of the thermionic electrons because ݇஻ ௦ܶ௨௥ ا ݁߮௦௛௘௔௧௛. 
Thus, the enthalpy flux that the plasma is losing at the wall due to charged particles is ܳ௜ା௘௣௟௔௦௠௔ ൌ
ݍ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦ െ ݍ௘ି௧௛௘௥௠.  
It has to be stressed that the ߮௦௛௘௔௧௛ and ݆௘ି௧௛௘௥௠  (or  ߮௦௛௘௔௧௛௖௥௜௧௜௖௔௟ and  ݆௘ି௧௛௘௥௠௖௥௜௧௜௖௔௟  in the virtual electrode 
case) obtained in the model can be used in the boundary conditions for the electric potential, while the heat 
fluxes in the boundary conditions for the energy equations for electrons and heavy particle in the way 
described in [2].  
   
III. Thermionic cathode: numerical results 
In this section, I illustrate the sheath model applied to the case of the thermionic electron emission at a 
tungsten cathode in a singly ionized argon plasma at given ௘ܶ, ௦ܶ௨௥, and ܲ. Following [7], plasma 
composition in this case can be determined by solving the Saha equation:  
 
௡೛మ
௡೙ ൌ 2 ቀ
ଶగ௠೐௞ಳ ೐்
௛మ ቁ
ଷ/ଶ ொಲೝశሺ ೐்ሻ
ொಲೝሺ ೐்ሻ ݁ݔ݌ ቀെ
௘ூ೔೚೙೔೥
௞ಳ ೐் ቁ ൌ 2.89 ൈ 10
ଶଶ ௘ܶଷ/ଶ݁ݔ݌ ቀെ ଵ.଼ଶ଻ൈଵ଴
ఱ
೐்
ቁ, (24) 
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ܲ ൌ ݇஻൫݊௣ ൅ ݊௡൯ ௛ܶ ൅ ݇஻݊௘ ௘ܶ ,       (25) 
 
where ܳ஺௥శሺ ௘ܶሻ and ܳ஺௥ሺ ௘ܶሻ are the statistical sums of partition functions of argon ions and argon neutral 
atoms respectively. Two assumptions were made in Eq. (24) and (25): (1) the contributions of the excited 
states to the statistical sums ܳ஺௥శ and ܳ஺௥ are neglected in Eq. (25) since they are known to be less than 5 
percent [8]; and (2) multi-charged ions are ignored in this model because the number densities of multi-
charged ions are many orders of magnitude smaller than the number density of singly ionized argon. 
In this Section, I consider the case of a tungsten emitter at a relatively small surface temperature of 
3800K, ܲ ൌ 4 · 10ହPa, and ௘ܶ ൌ 9000K; these parameters are typical for plasma cutting torches. Solving 
Eqs. (17) and (18) with ௛ܶ ൌ ௦ܶ௨௥ yields ݊௡ ൌ 7.57 · 10ଶସ݉ିଷ and ݊௣ ൌ 1.69 · 10ଶଶ݉ିଷ. Using the 
obtained plasma composition, ߪ௜,௡ ൌ 1.18 · 10ିଵ଼݉ଶ [9] (the total ܣା െ ܣݎ momentum transfer cross-
section), ܣ ൌ 6 · 10ହ A/(m2K2) and ߮௪௢௥௞ି௙௨௡௖ ൌ 4.54 eV (the Richardson parameters of tungsten), I 
obtain that: ߣ௜ି௠௙௣ ൌ 1.11 · 10ି଻݉; ݎ஽௘ ൌ 5.05 · 10ି଼݉; ߙ௖௢௟ ൌ 0.7, Eq. (8); ௦ܸ ൌ 1046݉/ݏ݁ܿ, Eq. (4), 
݆௘ି௧௛௘௥௠ሺ∆߮ௌ௖௛௢௧ ൌ 0ሻ ൌ 8.2 · 10଺ܣ/݉ଶ, Eq. (5); ݆௜ ൌ 2.82 · 10଺ܣ/݉ଶ, Eq. (4). The results of the 
simulation are presented in Figs. 3 – 8. In Figs. 3 – 6, I compare the obtained results with the results obtained 
by model [2] in which the third term in the left-hand side of Eq. (9) is dropped.  
   It should be stressed that this simulation cannot be considered as a cathode spot model because the 
model does not consider the total heat balance between the plasma and the cathode. The model does not 
calculate various important quantities: (1) the conduction heat flux from the plasma to the wall due to 
neutral particles, (2) the radiation cooling of the cathode, (3) the electron convective heat flux, (4) the heat 
transfer in the cathode, (5) the Ohmic heating of the cathode, and other heat transfer processes which must 
be included in the total heat balance between the plasma and the wall, see for example [2, 11] and references 
therein. The purpose of this simulation is to illustrate that taking into account the friction of ions in the 
sheath while calculating the Schottky correction factor is important for modeling collisional sheaths at 
thermionic electrodes. 
As one can see from Figs. 3 – 5 the sheath potential drop, the Schottky decrease in the work function 
of the tungsten cathode, and the length of the cathode sheath increase with an increase in the total cathode 
current density ݆, as was expected; ݆ ൌ 0 corresponds to the case of a floating wall. As one can see from 
Fig. 3, even if the total cathode current density is equal to zero, the sheath is still formed at the thermionic 
electrode to block the plasma electrons from reaching the wall. As follows from Fig. 4, ∆߮ௌ௖௛௢௧ is highly 
dependent on the total current density and dramatically affects the work function of the material; as shown 
in Fig. 6, ݆௘ି௧௛௘௥௠ reaches its maximum value of 1.81 · 10଺ܣ/݉ଶ which is 2.2 times larger than ݆௘ି௧௛௘௥௠ 
at  ∆߮ௌ௖௛௢௧ ൌ 0.  
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As follows from Fig. 6 the current density of plasma electrons sharply decreases with an increase in ݆ 
and becomes negligibly small for ݆ ൐ 2 · 10଻ܣ/݉ଶ; this was expected because the sheath potential drop 
increases with ݆, Fig. 3; consequently, this leads to the sharp decrease in ݆௘ି௣௟௔௦௠௔, Eq. (3); ݆௘ି௣௟௔௦௠௔ at 
߮௦௛௘௔௧௛ ൌ 0 (no sheath) is 3.98 · 10଼ܣ/݉ଶ. Thus, for ݆ ൐ 2 · 10଻ܣ/݉ଶ, ݆ consists, essentially, of ݆௜ and 
݆௘ି௧௛௘௥௠, Eq. (6). It should be stressed that the system of Eqs. (9) and (12) has no solution for ݆ ൐ 2.1 ·
10଺ܣ/݉ଶ because the ݆ ௜ is a constant independent of ݆ , Eq. (4), and ݆ ௘ି௧௛௘௥௠ is limited because the Schottky 
correction factor reaches its maximum of 0.2601 eV as ߮௦௛௘௔௧௛ ՜ ∞ which corresponds to ݆ ൌ ݆௠௔௫ ൌ
2.1 · 10଺ܣ/݉ଶ. This observation makes perfect sense: the thermionic cathode simply cannot provide 
enough thermionic electrons to support larger current densities. 
As one can see from Figs. 3 – 6, the present model and model [2] give notably different results. Since 
model [2] neglects the friction of ions in Eq. (9), the third term in the left-hand side in this equation is absent 
in model [2], the electric field required to maintain the ion current density in the sheath, Eq. (4), calculated 
by model [2] has to be smaller than that calculated by the present model. Therefore, at given ݆: (1) the 
Schottky correction factor, Eq. (7), and the thermionic electron current density, Eq. (5), calculated by model 
[2] are smaller than those calculated by present model, Figs. 4 and 6; and (2) the sheath length calculated 
by model [2] is larger than that calculated by the present model. Because at a given cathode current density, 
݆,  ݆௘ି௧௛௘௥௠ calculated by present model is larger than that calculated by model [2], the sheath potential 
drop calculated by model [2] is always larger than that calculated by the present model, Fig. 3. This leads 
to smaller plasma electron current densities calculated by model [2] than those calculated by presented 
model, Fig. 6. The cathode length calculated by model [2] increases more rapidly than the cathode length 
calculated by present model, Fig. 3, because the ݆௠௔௫ calculated by model [2] is 1.96 · 10଺ܣ/݉ଶ and 
smaller than ݆௠௔௫ calculated by the present model.  
The heat fluxes of the charged particles at the plasma-cathode interface are shown in Figs. 7 and 8. As 
one can see from Fig. 7, because the sheath potential drop, ߮௦௛௘௔௧௛, increases with the total cathode current 
density, Fig.3, ݍ௘ି௣௟௔௦௠௔ decreases and ݍ௜௢௡ increases with an increase in ݆, Eqs. (19) and (20). Because 
for the all current densities considered, ∆߮ௌ௖௛௢௧/߮௪௢௥௞ି௙௨௡௖ ا 1, Fig. 4, ݍ௖௢௡ௗ, Eq. (21), decreases almost 
linearly with an increase in ݆, Fig. 7. As follows from Fig. 7, for ݆ ൐ 1.4 · 10଻ܣ/݉ଶ the cathode is losing 
more energy due to “vaporizing” electrons, ݍ௖௢௡ௗ, than it gains from the heat flux from the plasma to the 
wall due charged particles. As follows from Fig. 8, for ݆ ൐ 1.6 · 10଻ܣ/݉ଶ the plasma gains more energy 
from the thermionic electrons accelerated in the sheath than it loses due to heat fluxes from the plasma to 
the wall due to the charged particles. 
Plasma sheath model [3, 4] assumes that ܧ௣௟௔௦௠௔, the electric field in the plasma at the plasma-sheath 
interface, has to be much smaller than ݇஻ ௘ܶ/݁ݎ஽௘, the electric field in the sheath at the sheath side, Eq. (13). 
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Now I will demonstrate that this assumption is valid for this simulation. Following [2], substituting in the 
plasma conductivity formula ߪ ൌ ݁ଶ݊௣/ሺߥ௘,௜௧௥ ൅ ߥ௘,௡௧௥ ሻ the values of ߥ௘,௜௧௥  and ߥ௘,௡௧௥  (the electron-ion and 
electron-neutral transport collision frequencies), 
 
ߥ௘,௜௧௥ ൌ 4.93 · 10ି଺ ஃ௡೛
೐்
య/మ,   Λ ൌ 18.7 െ ln ቆ௡೛
భ/మ
೐்
ఱ/రቇ,   ߥ௘,௡௧௥ ൌ ݊௡ߪ௘,௡ට௞ಳ ೐்௠೐ ,   ߪ௘,௡ ൌ 2 · 10
ିଶ଴݉ଶ, (26) 
 
yields ߪ ൌ 9.7 · 10ଶ S/m. In Eq. (26), ߪ௘,௡ was extracted from the data in [10].  Since in the model, the 
electric field in the sheath at the plasma-sheath interfaces is independent of the cathode current density and 
the electric field in the plasma at the plasma-sheath interface, ܧ௣௟௔௦௠௔ ൌ ݆/ߪ, increases with an increase in 
the cathode current density, I obtain that ܧ௣௟௔௦௠௔ reaches its maximum of 22.2 · 10ସ at ݆ ൌ 2.1 · 10଺ܣ/݉ଶ. 
This is 711 times smaller than ݇஻ ௘ܶ/݁ݎ஽௘, justifying the assumption.  
Now I validate the model assumption that in the sheath, the ion-electron friction force is much smaller 
than the ion-neutral friction force. The ratio of the ion-electron friction force to the ion-neutral friction force 
in the sheath can be estimated as [2]: 
 
  ܨݎ݅ܿݐ݅݋݊௜,௡௜,௘~
௠೐·ሺఔ೔,೐ష೛೗ೌೞ೘ೌ೟ೝ ାఔ೔,೐ష೟೓೐ೝ೘೟ೝ ሻ
ெఔ೔,೙೟ೝ
 ,      (27) 
 
where ߥ௜,௘ି௣௟௔௦௠௔௧௥  and  ߥ௜,௘ି௧௛௘௥௠௧௥  are the collision frequencies of an ion with plasma electrons and 
thermionic electrons respectively, and ߥ௜,௡௧௥ ൎ ݊௡ߪ௜,௡ ௦ܸ. Substituting ݆௘ି௧௛௘௥௠/݁ඥ2݁߮௦௛௘௔௧௛/݉௘ and 
݁߮௦௛௘௔௧௛, the characteristic thermionic electron number density and the characteristic energy of thermionic 
electons in the sheath, into Eq. (26) instead of ݊௣ and ݇஻ ௘ܶ, one can estimate ߥ௜,௘ି௧௛௘௥௠௧௥ . Substituting  the 
number density ݊௣ ൌ 1.69 · 10ଶଶm3 and the temperature of the plasma electrons in the sheath ௘ܶ ൌ 9000 
K into Eq. (26), I obtain an upper estimate for ߥ௜,௘ି௣௟௔௦௠௔௧௥  in the sheath; in the sheath, the number density 
of plasma electrons is maximal at the plasma-sheath interface. For the range of ݆௘ି௧௛௘௥௠ considered in this 
simulation, ܨݎ݅ܿݐ݅݋݊௜,௡௜,௘  is smaller than 6.310-4. Thus, neglecting the friction of ions with electrons in this 
simulation is appropriate. 
Now I review the validity of the assumption that thermionic electrons pass through the sheath 
collisionlessly. Following [2], substituing ݊௣ ൌ 1.69 · 10ଶଶ݉ିଷ (the number density of plasma electrons 
at the plasma-sheath interface) and Λ ൌ 5 (the characteristic Coloumb logarithm in the sheath) in  
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ଵ
ఒ೐ష೟೓೐ೝ೘ష೘೑೛ ൌ ݊௣
଺.ସଷ·ଵ଴షభబஃ
൬೐·കೞ೓೐ೌ೟೓ೖಳ ൰
మ ൅ ݊௡ߪ௘,௡,        (28) 
 
I obtain that the ratio of ߣ௘ି௧௛௘௥௠ି௠௙௣ to ܮ௦௛௘௔௧௛ is greater than 23 in the full range of ݆ considered in this 
simulation. The first term in the right-hand side in Eq. (21) describes the collisions of a thermionic electron 
with plasma electrons and ions, and the second term describes the collisions with neutrals. Thus, neglecting 
the collisions of the thermionic electrons in the sheath is appropriet in this simulation. 
Next, I validate the model assumption that in the sheath ions move in the charge-exchange regime. 
Because the ions enter the sheath with velocity ௦ܸ ൌ 1046݉/ݏ݁ܿ (see above) which is larger than 
ඥ݇஻ ௛ܶ/ܯ ൌ 889݉/ݏ݁ܿ, the ions indeed move in the sheath in the charge-exchange regime [4]. 
Now let us check that ∆߮/߮௦௛௘௔௧௛ ا 1, Eq. (16). Substituting the calculated functions of ߮଴ and 
݆௘ି௧௛௘௥௠ vs. ݆ into Eq. (16) I obtain that that ∆߮/߮௦௛௘௔௧௛ ൏ 0.002 in the entire range of ݆ considered in the 
simulation. Thus, neglecting ∆߮ in the model is appropriate. 
In summary, I validated the model assumption that the evaporation of the cathode material is small and 
can be neglected. Substituting ܪ ൌ 774݇ܬ/݉݋݈, the tungsten heat of vaporization, ௕ܶ௢௜௟ ൌ 6203ܭ, the 
boiling point of Tungsten, and ௦ܶ௨௥ ൌ 3800ܭ in the Clausius-Clapeyron equation, 
 
௘ܲ௤௨௟ି௧௨௡௚௦௧௘௡ ൌ 10ହ · ݁ݔ݌ ቆுோ · ቀ
ଵ
்್೚೔೗ െ
ଵ
ೞ்ೠೝ
ቁቇ,      (29) 
 
I obtain that the equilibrium partial pressure of the tungsten vapor is 7.56 Pa, which is negligibly small 
compared to the pressure of the argon plasma. 
Let us next estimate the tungsten plasma density assuming that all evaporated tungsten atoms are 
ionized and come back to the cathode as ions, in other words, there is no erosion of the tungsten cathode at 
all. Setting the flux of the tungsten atoms that left the cathode equal to the flux of the tungsten ions that 
reached the cathode I obtain the following equation,  
 
௉೐೜ೠ೗ష೟ೠ೙೒ೞ೟೐೙
௞ಳ ೞ்ೠೝ · ට
௞ಳ ೞ்ೠೝ
ଶగெ ൌ ݊௣ି௧௨௡௚௦௧௘௡ට
௞ಳ ೐்
ெ  .      (30) 
  
Solving Eq. (30) for ݊௣ି௧௨௡௚௦௧௘௡ leads to an upper bound on the tungsten plasma number density at the 
plasma-sheath interface. In Eq. (30), I have used the Bohm velocity of the ions in the sheath [5]. Substituting 
௘ܲ௤௨௟ି௧௨௡௚௦௧௘௡ from Eq. (29) into Eq. (30) yields ݊௣ି௧௨௡௚௦௧௘௡ ൌ 3.74 · 10ଵଽ݉ିଷ which is much smaller 
than the argon plasma density. Thus, neglecting the tungsten vapor in the model is appropriate.  
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It should be stressed that in this simulation the rate of thermionic electron emission is small (less than 
݆௘ି௧௛௘௥௠௖௥௜௧௜௖௔௟ ) and, therefore, the virtual cathode is not formed at the cathode surface; even at ݆ ൌ 0, ∆߮ௌ௖௛௢௧ ൐
0, Fig. 4. As ݆ becomes negative, Fig. 3, the thermionic cathode becomes a thermionic anode. Although the 
case of a thermionic anode is not considered in the present paper, I would like to note that ߮ ௦௛௘௔௧௛ continues 
decreasing with a decrease in ݆ in the case of a thermionic anode as well. At some values of the anode 
current, exp ሺെ݁߮௦௛௘௔௧௛/݇஻ ௘ܶሻ approaches unity, and the model becomes invalid.   
 
IV. Virtual cathode: numerical results 
In this Section, I consider the case where the thermionic electron emission current density is so large 
that the virtual cathode can be formed at the cathode. In this simulation I will take ௦ܶ௨௥ ൌ 4785K, ܲ ൌ
10ହPa and ܶ ௘ ൌ 9000K; the tungsten cathode at this temperature is molten. Solving Eqs. (24) and (25) with 
௛ܶ ൌ ௦ܶ௨௥ yields ݊௡ ൌ 1.49 · 10ଶସ݉ିଷ and ݊ ௣ ൌ 7.48 · 10ଶଵ݉ିଷ. Using the obtained plasma composition 
I obtain that ߣ௜ି௠௙௣ ൌ 5.68 · 10ି଻݉; ݎ஽௘ ൌ 7.58 · 10ି଼݉; ߙ௖௢௟ ൌ 0.21, ௦ܸ ൌ 1243݉/ݏ݁ܿ, 
݆௘ି௧௛௘௥௠ሺ∆߮ௌ௖௛௢௧ ൌ 0ሻ ൌ 2.26 · 10଼ܣ/݉ଶ; ݆௜ ൌ 1.49 · 10଺ܣ/݉ଶ, for details see Section III. The results 
of the simulation are presented in Figs. 9 –12.  
As one can see from Figs. 9 – 12, as in Section III, ߮௦௛௘௔௧௛, ∆߮ௌ௖௛௢௧, ܮ௦௛௘௔௧௛, and  ݆௘ି௧௛௘௥௠ increase 
and  ݆௘ି௣௟௔௦௠௔ decreases with an increase in the total cathode current density ݆; ݆௜ is a constant independent 
of ݆, Eq. (4). However, there is a principal difference between the case of extremely large thermionic 
electron current densities, i.e., extremely large ௦ܶ௨௥, where the virtual cathode is formed at the thermionic 
cathode, and the case of moderate ݆௘ି௧௛௘௥௠ considered in Section III, where the virtual cathode is not 
formed. As one can see from Fig. 12A, for ݆ ൏ 2.1 · 10଼ܣ/݉ଶ the thermionic current density is smaller 
than Richardson’s current density at ∆߮ௌ௛௢௧ ൌ 0. This means that for these cathode current densities the 
electric potential in the sheath is not monotonically decreasing as in Fig. 1, but has a “dip” as in Fig. 2 and, 
therefore, the effective thermionic current density, the effective sheath potential drop, and the effective 
length of the sheath are ݆௘ି௧௛௘௥௠௖௥௜௧௜௖௔௟ , ߮௦௛௘௔௧௛௖௥௜௧௜௖௔௟, and ܮ௦௛௘௔௧௛௖௥௜௧௜௖௔௟, while ∆߮ௌ௖௛௢௧ has no meaning, Section II. In Fig. 
12, a further decrease in ݆ leads to such small cathode sheath voltage drops, Fig. 9, that ݁ݔ݌ሺെ݁߮௦௛௘௔௧௛/
݇஻ ௘ܶሻ approaches unity, and the model becomes invalid.  
It should be stressed that in this simulation, as in Section III, the total cathode current density that can 
be extracted from the thermionic cathode is also limited. The Schottky correction factor reaches its 
maximum value of 0.138 eV as ߮௦௛௘௔௧௛ ՜ ∞ which corresponds to ݆ ൌ ݆௠௔௫ ൌ 3.17 · 10଼ܣ/݉ଶ.  
In conclusion, I review the validity of the assumptions made in the model. For this simulation in all 
regions of the cathode current densities considered: (1) the ratio of the electric field in the sheath at the 
sheath-plasma interface, ݇஻ ௘ܶ/݁ݎ஽௘, to the electric field in the plasma at the plasma side of this interface, 
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ܧ௣௟௔௦௠௔, is larger than 30; (2) the value of  ܨݎ݅ܿݐ݅݋݊௜,௡௜,௘ , Eq. (27), is smaller than 0.0072; (3) the value of 
ߣ௘ି௧௛௘௥௠ି௠௙௣, is at least 173 times larger than ܮ௦௛௘௔௧௛, Eq. (1); (4)  ௦ܸ ൌ 1243݉/ݏ݁ܿ ൐ ඥ݇஻ ௛ܶ/ܯ ൌ
998݉/ݏ݁ܿ which means that in the sheath ions move in the charge-exchange regime; (5) ∆߮/߮௦௛௘௔௧௛ ൌ
0.123, Eq. (16); (6) ௘ܲ௤௨௟ି௧௨௡௚௦௧௘௡/ܲ ൌ 0.012; (7) ݊௣ି௧௨௡௚௦௧௘௡ ൌ 5.16 · 10ଶଵ݉ିଷ, Eq. (30). Thus, 
assumptions (1) – (6) are well satisfied in this simulation. Since ݊௣ି௧௨௡௚௦௧௘௡ is an upper estimate for the 
tungsten plasma density and smaller than ݊௣ ൌ 7.48 · 10ଶଵ݉ିଷ, the argon plasma density, it is unlikely 
that taking into account the tungsten evaporation will notably change the results obtained in this section. 
 
 V. Conclusions 
The paper extends Godyak’s collision sheath model to the case of thermionic electron emission which 
allows a self-consistent calculation of the sheath potential drop, the Schottky correction factor, the 
thermionic electron current density, and the length of the sheath. The model assumes that the cathode is 
made from a refractory metal and, consequently, the erosion of the wall is small and can be neglected. 
Unlike models [1, 2], where the Schottky correction factor was calculated by neglecting the friction of ions 
with neutral particles in the sheath, the present model explicitly takes into account the collisions of ions 
with neutrals while calculating ∆߮ௌ௖௛௢௧ and, therefore, is free of this inconsistency.  The sheath model is 
also modified to the case of cold electrodes (anode or cathode) and cold floating walls with no thermionic 
electron emission and wall erosion that allows to self-consistently calculate ∆߮ௌ௖௛௢௧ in the collisional sheath 
as well. 
It was demonstrated that in calculating the Schottky correction factor, neglecting the friction between 
the ions and the neutral particles in the sheath may lead to significant undervalued magnitudes in the 
thermionic electron current densities and, consequently, incorrect simulation of the arc and the heat transfer 
between the plasma and the wall.  
Two regimes of the arc at the tungsten cathode were considered: first, where the surface temperature 
of the cathode is moderate, the thermionic current density is small, and virtual cathode is not formed, and 
second, where the surface temperature of the cathode is extremely high and the thermionic current density 
is so large that the virtual cathode is formed.  
In the frame of hydrodynamic 2T thermal plasma modeling, the sheath potential drop and the heat 
fluxes calculated by the proposed sheath model can be used in formulating boundary conditions at the wall 
for the electric potential and energy equations for electrons and heavy particles as in [1, 2]. Such boundary 
conditions enable a self-consistent calculation of electric potential distributions and heat transfers in the 
wall and in the arc for real arc geometries. 
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Fig. 1. Schematic of the electrical potential distribution at the cathode. 
ܮ௦௛௘௔௧௛ is the sheath length and ߮௦௛௘௔௧௛ is the sheath potential drop. 
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߮௦௛௘௔௧௛௖௥௜௧௜௖  
Fig. 2. Schematic of the electrical potential distribution at the cathode in the case of 
the virtual cathode; ܮ௦௛௘௔௧௛௖௥௜௧௜௖  is the critical sheath length and ߮௦௛௘௔௧௛௖௥௜௧௜௖  is the critical 
sheath potential drop corresponding to ܧ௦௨௥ ൌ 0. 
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݁߮௦௛௘௔௧௛
݇஻ ௘ܶ  
߮௦௛௘௔௧௛ ሾܸ݁ሿ 
Fig. 3. The sheath models with a thermionic cathode: ߮௦௛௘௔௧௛ and  ݁߮௦௛௘௔௧௛/݇஻ ௘ܶ vs. total cathode current density in the sheath; solid lines 
correspond to the present model and the broken lines to model [2].   
݆ ሾܣ/݉ଶሿ 
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݆ ሾܣ/݉ଶሿ 
∆߮ௌ௖௛௢௧ሾܸ݁ሿ 
Fig. 4. The sheath models with a thermionic cathode: Schottky correction 
factors vs. total cathode current density in the sheath; solid line 
corresponds to the present model and the broken line to model [2]. 
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Fig. 5. The sheath models with a thermionic cathode: ܮ௦௛௘௔௧௛/ݎ஽௘ vs. total 
cathode current density in the sheath; solid line corresponds to the present 
model and the broken line to model [2]. 
ܮ௦௛௘௔௧௛ /ݎ஽௘ 
݆ ሾܣ/݉ଶሿ 
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݆௘ି௧௛௘௥௠ 
݆௘ି௣௟௔௦௠௔  
݆௜ 
݆ ሾܣ/݉ଶሿ 
ሾܣ/݉ଶሿ 
Fig. 6. The sheath models with a thermionic cathode: ݆௘ି௧௛௘௥௠, ݆௜, and  ݆௘ି௣௟௔௦௠௔ vs. total cathode current density in the sheath; solid lines 
corresponds to the present model and the broken lines to model [2]. 
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݆ ሾܣ/݉ଶሿ 
Fig. 7. The sheath model with a thermionic cathode: Solid lines – the heat fluxes 
to the cathode due to the charge particles, the broken line – the total heat flux to 
the cathode due to the charged particles, ܳ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦ ൌ ݍ௜௢௡ ൅ ݍ௘ି௣௟௔௦௠௔ ൅ ݍ௖௢௡ௗ.
ݍ௜௢௡ 
ݍ௘ି௣௟௔௦௠௔
ݍ௖௢௡ௗ  
ܳ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦ 
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Fig. 8. The sheath model with a thermionic cathode: Solid line – the heat flux from the 
plasma to the cathode due to charged particles, Eq. (18); dotted line – the heat flux to 
the plasma due to thermionic electrons; and, the broken line – the total heat flux that 
the plasma loses due to charged particles, ܳ௜ା௘௣௟௔௦௠௔ ൌ ݍ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘௦ െ ݍ௘ି௧௛௘௥௠. 
݆ ሾܣ/݉ଶሿ 
െݍ௘ି௧௛௘௥௠
ݍ௖௛௔௥௚௘ௗ௣௔௥௧௜௖௟௘
ܳ௜ା௘௣௟௔௦௠௔ 
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݆ ሾܣ/݉ଶሿ 
Fig. 9. The sheath model with a thermionic cathode, virtual cathode: 
 ߮௦௛௘௔௧௛ and  ݁߮௦௛௘௔௧௛/݇஻ ௘ܶ vs. total cathode current density in the sheath.   
25 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
∆߮ௌ௖௛௢௧ሾܸ݁ሿ 
Fig. 10. The sheath model with a thermionic cathode, virtual cathode:  
Schottky correction factors vs. total cathode current density in the sheath.   
݆ ሾܣ/݉ଶሿ 
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ܮ௦௛௘௔௧௛/ݎ஽௘ 
Fig. 11. The sheath model with a thermionic cathode, virtual cathode:  
ܮ௦௛௘௔௧௛/ݎ஽௘ vs. total cathode current density in the sheath.   
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(b) 
Fig. 12. The sheath model with a thermionic cathode, virtual cathode:  
a - ݆௘ି௧௛௘௥௠, ݆௜, and  ݆௘ି௣௟௔௦௠௔ vs. total cathode current density in the sheath; 
b - ݆௘ି௧௛௘௥௠, and  ݆௘ି௧௛௘௥௠ ሺ∆߮ௌ௖௛௢௧ ൌ 0ሻ.   
Virtual 
cathode 
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